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We construct new upper bounds on the broadcast function B(n), the number of edges in
a minimum broadcast graph on n vertices, for a large class of integers n. The bounds are
obtained by a construction that uses theminimum size of dominating sets for some Knödel
graphs. We also determine the domatic number of these graphs.
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1. Introduction
Broadcasting is an information dissemination problem in a connected network in which one vertex, called the originator,
must distribute a message to all other nodes by a series of calls along the communication lines of the network. This is
assumed to take place in discrete time units. The broadcast is to be completed as quickly as possible, subject to the following
constraints: each call involves only one informed vertex and one of its uninformed neighbors, each call requires one unit of
time, a vertex can participate in only one call per unit of time, and many calls can be performed in parallel in one unit of
time.
Our network ismodeled as a connected graph G = (V , E), where V is the set of vertices and E is the set of communication
lines (edges). For a given originator vertex u, we define the broadcast time, denoted t(u), to be the minimum number of time
units required to complete broadcasting from u. Note that t(u) ≥ ⌈log2 n⌉ for any vertex u in a connected graph G on n
vertices since during each time unit the number of informed vertices can at most double. Note that all logarithms in this
paper are base 2 and we omit the subscript below. The broadcast time of the graph G, t(G), is max{t(u) | u ∈ V }. A graph on
n vertices with broadcast time ⌈log n⌉ is called a broadcast graph. Among all of the broadcast graphs on n vertices, a graph
with the fewest edges is called a minimum broadcast graph. This fewest number of edges is the broadcast function, denoted
B(n). The number of edges in any particular broadcast graph on n edges is an upper bound on B(n).
There is an extensive literature on variations of broadcasting (see for example the surveys and textbooks [8,23,25,26]).
Exact values of B(n) are known only for n = 2k (where k ≥ 1), n = 2k − 2 (where k ≥ 2), and for several specific values of
n < 128. For other n, the value of B(n) is not known. Upper bounds on B(n) are obtained by constructing broadcast graphs.
In general, it is known that B(n) ≤ ⌈log n⌉ n/2 for all n (see [23]) and that B(n) ∈ ΘL(n)n, where L(n) is the number of 1’s in
the binary representation of n− 1 [12]. See [4,6,12,14,15,17,16,18,27,28] for more details on broadcast graph construction
and B(n).
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Fig. 1. KG(20).
Knödel graphs were introduced during the study of time-optimal gossip algorithms [28] and generalized by Fraig-
niaud and Peters [9]. Graph-theoretic and communication properties of these graphs have been studied extensively
[3,7,14,13,19,20]. Using the notation of Bermond et al. [3], a Knödel graph on n vertices (where n is even), denoted KG(n), is
KG(n) = (V , E), where V = {v0, v1, . . . , vn−1} and (vx, vy) ∈ E iff x + y ≡ 2k − 1(mod n) for k = 1, 2, . . . , ⌊log n⌋. (Note
that Bermond et al. called this graph amodified Knödel graph, but we will use the term Knödel graph for KG(n).) The Knödel
graph is known to be a broadcast graph [3] and a Cayley graph [24]. KG(20) is shown in Fig. 1.
One method to construct broadcast graphs, ‘‘vertex addition’’, was introduced by Bermond et al. [4] and also used by
Harutyunyan [15]. In this method, a graph G on n vertices is constructed from a graph G′ on n−1 vertices by adding a vertex
v and connecting v to some of the vertices of G. Here, we will use this method to construct broadcast graphs which provide
new upper bounds on B(n) for some n. In particular, we add a new vertex to a Knödel graph G′ on n−1 vertices and connect
it to the elements of a minimum-sized dominating set S of G′.
Given a graph G = (V , E), a subset S of the vertices V is a dominating set if every vertex in V \ S is adjacent to at least one
vertex of S. The elements of a dominating set for KG(20) are indicated by the white circles in Fig. 1. The domination number
of a graph G, denoted γ (G), is the minimum size of a dominating set in G. To determine whether γ (G) ≤ k for a given
input k is NP-complete [11]. The domatic number of a graph G, denoted dom(G), is the maximum number of elements in a
partition of the vertices of G into dominating sets [5]. An independent set is a set of vertices that are pairwise non-adjacent.
An independent dominating set S is termed an efficient dominating set if every vertex not in S is adjacent to exactly one
vertex of S.
There is an extensive literature on domination and specifically on determining the value of γ (G) for families of graphs
(cf. [22,21]). Our interest here is in determining minimum size dominating sets of Knödel graphs, which we then use
in constructing broadcast graphs, improving the upper bounds on B(n) for some n. Our construction of minimum size
dominating sets of Knödel graphs also allows us to compute the domatic number of Knödel graphs. The domination number
of Knödel graphs was previously unknown, except for those of degree 3 [10].
2. Dominating set for KG(n)
First we give an upper bound on the domination number of KG(n) for all even n ≠ 2k.
Theorem 2.1. If n = 2m−1 + 2l with 1 ≤ l ≤ 2m−2 − 1, then S = {vk | 2m−2 ≤ k ≤ 2m−1 − 1} is a dominating set of KG(n)
and γ (KG(n)) ≤ 2m−2.
Proof. Wemust prove that every vertex vx that is not in S is connected to a vertex in S.
Consider vx where 0 ≤ x ≤ 2m−2−1. In this case it is clear that 2m−2 ≤ 2m−1− x ≤ 2m−1−1. So, for all z = 2m−1−1− x
we have vz ∈ S, and by definition vx and vz are connected because x+ z = 2m−1 − 1.
Consider vx where 2m−1 ≤ x ≤ 2m−1+ 2l− 1. Assume that x = 2m−1+ y, where 0 ≤ y ≤ 2l− 1 and 2 ≤ 2l ≤ 2m−1− 2.
Consider vertex vz where z = 2i + 2l − 1 − y. If 0 ≤ 2l − 1 − y ≤ 2m−2 − 1 then we pick i = m − 2, and we have
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2m−2 ≤ z = 2m−2 + 2l − 1 − y ≤ 2m−1 − 1. So, vz ∈ S, and by the definition of KG(n) we know that (vx, vz) ∈ E(KG(n))
since x+ z = (2m−1 + y)+ (2m−2 + 2l− 1− y) = (2m−1 + 2l)+ 2m−2 − 1 = n+ 2m−2 − 1 = 2m−2 − 1 mod (n). Now,
if 2m−2 ≤ 2l − 1 − y ≤ 2m−1 − 3 then we pick i = 1, and we have 2m−2 + 2 ≤ z = 2 + (2l − 1 − y) ≤ 2m−1 − 1. So,
vz ∈ S, and by the definition of KG(n) we know that (vx, vz) ∈ E(KG(n)) since x + z = (2m−1 + y) + (2 + 2l − 1 − y) =
(2m−1 + 2l)+ 1 = n+ 1 = 1 mod (n).
Thus, S is a dominating set. 
This same upper bound was previously known for the values n = 2m − 2 only [15]. The proof of that bound was longer
and used a different dominating set, but that bound is not tight. We can improve the upper bound and determine the exact
value of γ (KG(n)) for some values of n.
Consider a Knödel graph on n vertices and letm = ⌈log n⌉. We restrict our attention to even n such thatm = ⌈log n⌉ > 2
is prime,m divides n, and for any integer d < m− 1 which is a divisor ofm− 1, 2d ≢ 1(mod m).
Consider a subset S of the vertices of KG(n), where S = {v2mp | 0 ≤ p < n2m } ∪ {v2mp−1 | 1 ≤ p < n2m } ∪ {vn−1}.|S| = n2m + ( n2m − 1)+ 1 = nm since n is even. We now show that S is a dominating set of KG(n).
Theorem 2.2. γ (KG(n)) = nm , where n is even, m = ⌈log n⌉ > 2 is prime, m divides n, and for any integer d < m− 1 which is
a divisor of m− 1, 2d ≢ 1(mod m).
Proof. Let S be the subset of vertices described above. We will show that S is a dominating set by the following argument.
First, we show that S is an independent set. Since each vertex in KG(n) has degreem− 1, it follows that there are (m− 1)|S|
edges connecting S to V \ S. Note that |V \ S| = n− nm = n(1− 1m ) = nm−1m = (m− 1)|S|. We then show that no vertex in
V \ S is adjacent to more than one vertex of S. From this, it follows that each vertex of V \ S is adjacent to exactly one vertex
of S and S is a dominating set of KG(n).
To see that S is independent, we observe that if vx and vy are both even numbered vertices (or both odd), then x + y is
even and x + y ≢ 2k − 1(mod n) for any k. Thus, they are not adjacent. If x is even and y is odd, then let x = 2km and
y = 2lm − 1 for some k, l. Assume that vx and vy are adjacent. Then 2km + 2lm − 1 ≡ 2j − 1(mod n) for some j with
1 ≤ j ≤ m− 1. Then 2m(k+ l) = 2j(mod n). Sincem > 2 is a prime, 2m(k+ l) ≠ 2j for any j. As 2mk < n and 2ml− 1 < n,
we need only consider the case that 2m(k+ l) = 2j + n. Dividing by 2m, we get k+ l = 2j2m + n2m . Since n/2m is an integer
but 2j−1/m is not an integer, their sum cannot be an integer k+ l. We conclude that S is an independent set in KG(n).
We now show that no vertex vp ∈ V \ S is adjacent to more than one vertex of S. Let p be odd and assume, by way of
contradiction, that vp is adjacent to both v2km and v2lm with k ≠ l. Thus 2km+p ≡ 2i−1(mod n) and 2lm+p ≡ 2j−1(mod n).
We assume without loss of generality that j > i. So 2m(l − k) ≡ 2j − 2i(mod n) and either l − k = 2i−1(2j−i−1)m (case A) or
l− k = 2i−1(2j−i−1)m + n2m (case B).
Since for any d which is a divisor of m − 1, 2d ≢ 1(mod m) then by Lagrange’s Theorem (see [1]) for any c , where
1 ≤ c ≤ m− 2, 2c ≢ 1(mod m). Since j ≤ m− 1 and 1 ≤ i then 1 ≤ j− i ≤ m− 2 and so 2j−i ≢ 1(mod m), that is 2j−i− 1
is not divisible bym.
Since m > 2 is prime, m does not divide 2i−1, so 2i−1(2j−i − 1)/m is not an integer. Since n/2m is an integer, then in
either case A or B, we have a contradiction.
If p is even, we follow the same argument, assuming by way of contradiction that vp is adjacent to both v2km−1 and v2lm−1
with k ≠ l. Thus, 2km− 1+ p ≡ 2i(mod n) and 2lm− 1+ p ≡ 2j(mod n)with j > i. Subtracting, we get the same equality
as before and conclude that no vertex in V \ S is adjacent to more than one vertex in S.
By the pigeonhole principle, the (m− 1)|S| edges between S and V \ S connect each vertex of V \ S to exactly one vertex
of S. It follows that S is a dominating set of KG(n). From Berge [2], we know that if∆(G) is the maximum degree of G, then
γ (G) ≥

n
1+∆(G)

. Since KG(n) is (m − 1)-regular, then γ (KG(n)) ≥ nm . Thus, S is a minimum dominating set of KG(n) and
γ (KG(n)) = nm . 
Note that the minimum dominating set described in the proof above is also an efficient dominating set.
The smallestm, n pair that satisfies the conditions of the above theorem ism = 3, n = 6. Fig. 1 shows the Knödel graph
and minimum dominating sets for m = 5, n = 20. The vertices of the dominating set described above for this graph are
indicated by the white circles.
3. Domatic number of Cayley graphs
Given the construction of the dominating set S for KG(n), we can determine the domatic number dom(KG(n)) for those
values of n. In fact, we can prove a more general result.1
1 The authors thank an anonymous referee for the statement and proof of Theorem 3.1.
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Theorem 3.1. If G is an undirected Cayley graph and G has an efficient dominating set, then V (G) has a partition into efficient
dominating sets.
Proof. Let G be an undirected Cayley graphwith generator set S and let D be an efficient dominating set. Any group element
σ acts on G as an automorphism. So σD is an efficient dominating set. If follows that D together with σD for every σ ∈ S
forms a partition of V (G) into efficient dominating sets. It is disjoint, since σ1u1 = σ2u2 would imply that u1 and u2 had a
common neighbor in G. 
Corollary 1. dom(KG(n)) = m where n is even, m = ⌈log n⌉ > 2 is prime, m divides n, and for any integer d < m − 1 which
is a divisor of m− 1, 2d ≢ 1(mod m).
This corollary trivially follows from Theorem 3.1 since S = {v2mp | 0 ≤ p < n2m } ∪ {v2mp−1 | 1 ≤ p < n2m } ∪ {vn−1}
is an efficient dominating set for KG(n). For 0 ≤ i ≤ m − 1, Vi = Si ∪ S ′i , where Si = {v2mp+2i | 0 ≤ p < n2m } and
S ′i = {v2mp−2i−1 mod (n) | 0 ≤ p < n2m } is a partition of the vertices of KG(n) into m sets. Note that Si contains only even
numbered vertices and S ′i contains only odd vertices. We know that V0 = S is a minimum dominating set for KG(n) from
Theorem 2.2.
Fig. 1 shows KG(20)with the vertices partitioned intominimumdominating sets as indicated by the vertex symbols used.
4. Bounds on the broadcast function
Given the above construction of the dominating set S for KG(n), we can now construct a broadcast graph G on n + 1
vertices. Let G consist of a copy of KG(n) plus an additional vertex vn and add the following edges: Connect the new vertex
vn to the vertices in S ∪ T , where T = {v2, v6, . . . , v2m−1−2} = {v2i−2 | 2 ≤ i ≤ m− 1}. The vertices of T are the neighbors
of v1 in KG(n) other than v0. Note that vertex v0 belongs to S and will be connected to vn.
Theorem 4.1. Let n be even such that ⌈log n⌉ > 2 is prime, m = ⌈log n⌉ ≠ 2j − 1 for any integer j,m divides n, and for any
integer d ≠ m− 1 which is a divisor of m− 1, 2d ≢ 1(mod m). Then, B(n+ 1) ≤ n⌊log n⌋2 + n⌈log n⌉ + ⌈log n⌉ − 2.
Proof. Let G be the graph described above. We now show that any vertex vp of G can broadcast to all vertices of G in time
⌈log(n+ 1)⌉.
We first recall how to broadcast within KG(n) from any originator vp in time ⌈log n⌉ [3]. In the rest of the proof, all
subscript computations are performed modulo n and we omit the (mod n) notation. At time 1, vertex vp sends the message
to vertex v1−p. At this time, these two vertices are ‘‘informed’’ and the other vertices are not.When any other vertex receives
themessage, it is ‘‘informed’’. At time i, 2 ≤ i ≤ ⌈log n⌉−1, each informed vertex vk sends themessage to vertex v2i−1−k. At
time ⌈log n⌉, each informed vertex vk sends the message to vertex v1−k. Note that some of the messages sent at time ⌈log n⌉
are redundant in that both the sender and the receiver are already informed and they send each other the message at this
time. In particular, the originator vp and v1−p are both informed prior to time ⌈log n⌉ and send redundant messages at time
⌈log n⌉. This scheme completes the broadcast by time ⌈log n⌉ [3].
In fact, the following is also a valid broadcast scheme for the originator vp [3]. At time 1, vertex vp sends the message to
any vertex v2j−1−p, where 1 ≤ j ≤ ⌈log n⌉ − 1. At time i, 2 ≤ i ≤ ⌈log n⌉ − j, each informed vertex vk sends the message to
vertex v2j+i−1−1−k. At time i, ⌈log n⌉−j+1 ≤ i ≤ ⌈log n⌉, each informed vertex vk sends themessage to vertex v2j+i−⌈log n⌉−1−k.
Again, note that at time ⌈log n⌉ there are redundant messages and, in particular, vp and v2j−1−p are both already informed.
Since S is a dominating set of KG(n), we can assume that the originator vp is either in S or that one of its neighbors, say
v2l−1−p is in S. We can broadcast within KG(n) from vp such that the message sent at time 1 is either sent by or received by
a vertex of S.
To broadcast from any originator of the constructed graph G is easy given the above details about broadcasting within
KG(n). We note that ⌈log(n+ 1)⌉ = ⌈log n⌉ since n cannot be a power of 2 (as it is divisible by prime ⌈log n⌉ > 2).
To broadcast from any vertex vp in G where p ≠ n, we can simply use the scheme described above for originator vp in
KG(n) such that the message sent at time 1 involves a vertex from S: either vp or v2j−1−p. Without loss of generality, we
assume that vp ∈ S. We replace the redundant message sent by vp at time ⌈log n⌉ by a message to vn. Thus, the broadcast
within G completes at time ⌈log n⌉.
To broadcast from vn in G, we let vn play the role of v1 in the scheme for broadcast within KG(n) from vertex v1. Note that
all of v1’s neighbors are also neighbors of vn. So, at time i, 1 ≤ i ≤ ⌈log n⌉−1, vn sends themessage to vertex v2i−2. (These are
the same vertices that v1 would inform at the same times in the first scheme described above.) At time i, 2 ≤ i ≤ ⌈log n⌉−1,
each informed vertex vk sends the message to vertex v2i−1−k. At time ⌈log n⌉, each informed vertex vk, for k ≠ n, sends the
message to vertex v1−k. This completes the broadcast within G. In particular, v1 receives themessage from v0 at time ⌈log n⌉
and all other vertices of the KG(n) subgraph receive the message at the same time as in the first scheme above. 
Using the dominating sets from Section 2, we constructed new upper bounds on the broadcast function B(n+1) formany
odd values n+ 1. In particular, our new bound is close to the best known lower bound for 2m − 1. Labahn [29] showed that
for all m ≥ 2, B(2m − 1) ≥ (m−1)(2m−1)2 + 2
m−1
2(m+1) . Our new bound gives B(2
m − 1) ≤ (m−1)(2m−2)2 + 2
m−2
m + m − 2 when
m is prime and 2d ≢ 1(mod m), where d < m − 1 is a divisor of m − 1. The previous best upper bound on B(2m − 1) was
B(2m − 1) ≤ (m−1)(2m−2)2 + 2
m−2
4 for allm ≥ 2 [15].
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